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Six Sigma Transfer Functions

Sensitivity Analysis

Motivation
Initiatory Example
Indicatory Question

QFD Phase 1

General Steps
1 Determine the customer needs and corresponding technical

constraints. Prioritize the importance of the needs.
2 Rate the relationships between the customer needs and the

technical constraints (→ QFD matrix).

3 Measure the customer satisfaction. If it is not acceptable,
modify the QFD matrix. Repeat this step until the customer
satisfaction is acceptable (→ nearly optimal solution).

4 Analyze the result(s).
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Motivation
Initiatory Example
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Example
Initial Solution

CRs goal 𝝉y TC1 TC2 TC3 TC4 TC5 TC6

y

CR1 0.41 1 1

0.04

CR2 0.28 9 9 9 1

0.52

CR3 0.34 3 3 9

0.16

CR4 0.28 9 1 3 9 9

0.52

CR5 0.30 3 9 9

0.32

CR6 0.44 3 3 1

0.09

CR7 0.43 1 3

0.09

CR8 0.30 9 9 9

0.56

0.21 0.09 0.46 0.58 0.35 0.52 0.77

Response–Centric Approach

1 Solve the eigensystem AATy = 𝜆y

2 If the convergence gap ∥y − 𝝉y∥2 > 𝜀, then do . . . and goto ➊

3 Finally, calculate x =
AT y

∥AT y∥2
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Optimal Solution
CRs goal 𝝉y TC1 TC2 TC3 TC4 TC5 TC6 y

CR1 0.41 7 6 0.42
CR2 0.28 3 4 3 1 0.29
CR3 0.34 8 7 8 0.34
CR4 0.28 3 1 2 4 2 0.28
CR5 0.30 5 6 8 0.30
CR6 0.44 4 6 5 0.43
CR7 0.43 6 7 0.42
CR8 0.30 3 4 5 0.30

x 0.20 0.32 0.57 0.61 0.30 0.26 0.02
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Question

How to proceed

when the convergence gap

is not acceptable small?
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What is a Transfer Function?
Multiple–Response Transfer Functions

Definition & Objective

Definition
A transfer function f maps the input parameters x1, x2, . . . , xn to
the output y of a process, mathematically expressed by

y = f (x1, x2, . . . , xn) = f (x).

The input parameters are termed the controls and the output the
response of the considered process.

Objective
The intention of a transfer function f is to predict the (nearly)
optimal settings of the controls x in order to achieve a predefined
target 𝜏y of the response y.
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What is a Transfer Function?
Multiple–Response Transfer Functions

Definition & Example

Definition
A transfer function f : Rn → Rm with y = f (x), y ∈ Rm, and target
𝝉y ∈ Rm is called a multiple–response transfer function.

Example
Assume that f : Rn → Rm is defined by a matrix A ∈ Rm×n. Then

y = Ax, x ∈ Rn, y ∈ Rm,

is termed a linear multiple–response transfer function.

1 The entries aij of A are the controls of f , and
2 y is (nearly) optimal when convergence gap ∥y − 𝝉y∥2 ≤ 𝜀.

E. Kranich (Euro Project Office) A Sensitivity Analysis Procedure for QFD



Introduction
Six Sigma Transfer Functions

Sensitivity Analysis

What is a Transfer Function?
Multiple–Response Transfer Functions

Definition & Example

Definition
A transfer function f : Rn → Rm with y = f (x), y ∈ Rm, and target
𝝉y ∈ Rm is called a multiple–response transfer function.

Example
Assume that f : Rn → Rm is defined by a matrix A ∈ Rm×n. Then

y = Ax, x ∈ Rn, y ∈ Rm,

is termed a linear multiple–response transfer function.

1 The entries aij of A are the controls of f , and
2 y is (nearly) optimal when convergence gap ∥y − 𝝉y∥2 ≤ 𝜀.

E. Kranich (Euro Project Office) A Sensitivity Analysis Procedure for QFD



Introduction
Six Sigma Transfer Functions

Sensitivity Analysis

What is a Transfer Function?
Multiple–Response Transfer Functions

Definition & Example

Definition
A transfer function f : Rn → Rm with y = f (x), y ∈ Rm, and target
𝝉y ∈ Rm is called a multiple–response transfer function.

Example
Assume that f : Rn → Rm is defined by a matrix A ∈ Rm×n. Then

y = Ax, x ∈ Rn, y ∈ Rm,

is termed a linear multiple–response transfer function.

1 The entries aij of A are the controls of f , and
2 y is (nearly) optimal when convergence gap ∥y − 𝝉y∥2 ≤ 𝜀.

E. Kranich (Euro Project Office) A Sensitivity Analysis Procedure for QFD



Introduction
Six Sigma Transfer Functions
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Why Sensitivity Analysis?
Approaches to Sensitivity Analysis
A Specific Sensitivity Analysis Procedure

Utility of Sensitivity Analysis

A Sensitivity Analysis

1 helps to establish how different values of a control affect the
response under a given set of assumptions.

2 gives insight into achievable refinements of the response of an
actually investigated transfer function,

3 reveals controls which mostly contribute to the variability of the
response,

4 detects controls which do not affect the response significantly
and thus can be eliminated from further investigations, and

5 ascertains interaction effects of the controls.
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Why Sensitivity Analysis?
Approaches to Sensitivity Analysis
A Specific Sensitivity Analysis Procedure

Types of Procedures

Local Methods
inspect how a response reacts when a specific control is varied
inside its feasible range, while all other controls are retained at their
actual values. Popular method: One-at-a-Time (OAT).

Global Methods
examine the entire set of controls and evaluate the effect a
specified control has on a response while the remaining controls
may be altered as well. For instance: Winding Stairs Method.
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Why Sensitivity Analysis?
Approaches to Sensitivity Analysis
A Specific Sensitivity Analysis Procedure

The Winding Stairs Method

Preliminaries
1 Set the convergence gap threshold 𝜀 > 0 and the maximum number m of

Winding Stairs cycles.
2 Identify the set FA of feasible entries of matrix A and cluster the elements of

FA row–wise.
3 Calculate an initial response y by solving the eigensystem AATy = 𝜆y.
4 Define the access order of the rows by means of a specific procedure, e.g.,

sort the components of |y − 𝝉y | in descending order.
5 Compute x = ATy.
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The Winding Stairs Method

Modifying the Controls
Sample Actual Controls Response New Value

x1
(
x(1)1 , x(1)2 , x(1)3 , . . . , x(1)n

)
f (x1 )

x2
(
x(1)1 , x(2)2 , x(1)3 , . . . , x(1)n

)
f (x2 ) x(2)2 = x(1)2 + Δx(1)2

.

.

.

.

.

.

.

.

.

.

.

.

xn
(
x(1)1 , x(2)2 , x(2)3 , . . . , x(2)n

)
f (xn ) x(2)n = x(1)n + Δx(1)n

xn+1
(
x(2)1 , x(2)2 , x(2)3 , . . . , x(2)n

)
f (xn+1 ) x(2)1 = x(1)1 + Δx(1)1

xn+2
(
x(2)1 , x(3)2 , x(2)3 , . . . , x(2)n

)
f (xn+2 ) x(3)2 = x(2)2 + Δx(2)2

.

.

.

.

.

.

.

.

.

.

.

.

x2n
(
x(2)1 , x(3)2 , x(3)3 , . . . , x(3)n

)
f (x2n ) x(3)n = x(2)n + Δx(2)n

.

.

.

.

.

.

.

.

.

.

.

.

xmn
(
x(m)
1 , x(m+1)

2 , x(m+1)
3 , . . . , x(m+1)

n
)

f (xmn ) x(m+1)
n = x(m)

n + Δx(m)
n
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The Winding Stairs Method

Winding Stairs Matrix

©­­­­­­­­­­«

f (x1 ) f (x2 ) f (x3 ) · · · f (xn )
f (xn+1 ) f (xn+2 ) f (xn+3 ) · · · f (x2n )
f (x2n+1 ) f (x2n+2 ) f (x2n+3 ) · · · f (x3n )

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

f (x(m−1)n+1 ) f (x(m−1)n+2 ) f (x(m−1)n+3 ) · · · f (xmn )

ª®®®®®®®®®®¬
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WS Matrix: Example
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Measuring Effects

Law of Total Variance

V (Y) = VXi

(
EX∼i (Y |Xi)

)
+ EXi

(
VX∼i (Y |Xi)

)
= expected reduction in V (Y) when Xi could be fixed

+ expected residual variance w.r.t. X∼i with fixed Xi

Main Effect Index

Si =
VXi

(
EX∼i (Y |Xi)

)
V (Y) , 1 ≤ i ≤ n

Total Effect Index

STi =
EX∼i

(
VXi (Y |X∼i)

)
V (Y) = 1 −

VX∼i

(
EXi (Y |X∼i)

)
V (Y) , 1 ≤ i ≤ n
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